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ABSTRACT 

We obtain the most general spherically symmetric M2-branes and type IIB strings, with 
M^'^ X 50(8) and M^'^ x SO{S) isometries, respectively. We find that there are 12 different 
classes of M2-branes, and we study their curvature properties. In particular, we obtain new 
smooth M2-brane wormholes that connect two asymptotic regions: one is flat and the other 
can be either flat or AdS4 x S""^. We flnd that these wormholes are traversable with certain 
timelike trajectories. We also obtain the most general Ricci-flat solutions in flve dimensions 
with R^'^ X 50(3) isometries. 
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1 Introduction 

The higher dimensionality and the inclusion of higher form fields in string and M theories 
allow a variety of p-brane solitons in the spectrum [1]. These objects are generalizations 
of charged black holes and have been playing an important role in understanding the non- 
perturbative aspects of the string theories. A p-brane soliton is defined to be a spacetime 
configuration that splits the D-dimensional spacetime into the world volume of (p + 1) 
dimensions and the transverse space of {D — p — 1) dimensions. The electrically charged 
p-brane is supported by a (p + l)-form potential, while the magnetically charged one is 
by a (D — p — l)-form. The simplest type of p-branes has the Minkowski world volume 
and spherically symmetric transverse space. A classification of such p-branes in maximal 
super gravities was given in [2]. Lower-dimensional p-branes can be lifted to higher dimen- 
sions and become intersecting M2-branes or type II strings OH]. Classifications of brane 
intersections in maximal supergravities were given in [SJE]. 

In this paper, we consider a more general class of p-brane solutions, focusing on M2- 
branes and type IIB strings. While we still retain the spherical symmetry in the trans- 
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verse space for simplicity, we shall relax the condition for the world volume from being 
Minkowskian to having instead the M^'^ isometry. A simple example is a p-brane with grav- 
itational a pp-wave propagating in the world volume. Such a p-brane has the isometry of 
X SO{D — p — 1). The metric takes the form 

dsl = r''dnl_j,_^ + + ^ g^^udzf^dz" , (1.1) 

where / and gf^i, depend only on the radial variable r of the transverse space. The world 
volume coordinates are z'^, with z^ = t denoting the time direction. The way to obtain such 
a solution is to observe that one can perform Kaluza-Klein reduction on the coordinates z^, 
on which no field depends. The resulting solution in {D — p — 1) dimensions is an instanton 
supported by a certain scalar coset G/H. In the case of pure gravity, the scalar coset is 
'^50(1 pf^ , for which the most general solution was obtained in [7]. (See also [HI [9].) 

In section 2, we consider the reduction of M2-branes on the world volume. The Kaluza- 
Klein reduction of eleven-dimensional supergravity on M^'^ gives rise to a scalar coset of 
goi;!'^) ^ go(i'^) [TT] . This enables us to make use of the results in [7] and obtain 
the most general M2-brane solutions. We find that there are twelve classes of solutions, 
including the previously known extremal |12j or nonextremal M2-branes \12>\ [H] . We also 
find new smooth M2-brane wormhole solutions. We study the curvature properties of these 
solutions. In particular, in section 3, we focus on the wormholes and demonstrate that they 
are not traversable geodesically but traversable with certain timelike trajectories, as in the 
case of the previously known Ricci-flat wormholes [T6l [T71 [7] . 

'^^^ 50^(i'^) ^ go'(i'^j scalar coset can also be obtained from the reduction of type IIB 
supergravity on M^'^. This enables us to lift the instanton solutions back to Z) = 10 and 
obtain the most general type IIB string solutions. We do this in section 4. It is worth 
pointing out that, in the case of M theory on R-*^'^, the SL{3, M) global symmetry is part of 
the general coordinate transformation, and hence we can use it to mod out the equivalent 
solutions related by coordinate transformation. In the case of type IIB supergravity on 
M}''^, it is the S'L(2,M) factor that is part of the general coordinate transformation. Thus 
the same instanton solution in D = 8 can lead to very different lifting to M2-branes or type 
IIB strings. 

In section 5, we further consider five-dimensional pure gravity on M^'^, which becomes 
the scalar coset of §^^^- This enables us to obtain the most general Ricci-flat solutions 
in five dimensions with M}'^ x S0{3) isometry. 

We conclude the paper in section 6. 
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2 General Spherically symmetric M2-branes 



The world volume of M2-branes has three dimensions, including one time and two spatial 
directions. Performing Kaluza-Klein reduction on the world volume gives rise to instanton 
solutions in D = 8 Euclidean maximal supergravity. In this section, we review the scalar 
sector in D = 8 and obtain the most general spherically symmetric instanton solutions 
supported by the scalars. Lifting the solutions back to D = 11 gives rise to the most 
general spherically symmetric M2-branes, with M^'^ x 50(8) isometrics. We then study the 
curvature properties of these solutions. 

2.1 D = 8 Euclidean maximal supergravity: the scalar sector 

Eight-dimensional Euclidean maximal supergravity obtained from M^'^ reduction of eleven- 



Sn = I d'^xV^ { R - -Fl^ ) - i / ^(3) A A F,,, , (2.1) 



e-^^dsl + e§* ( e*^+7S*^(cizi + Xi2dz2 + Xiodtf 



dimensional supergravity was discussed in [lOtlllj. Here we shall focus on the scalar sector. 
The bosonic sector of eleven-dimensional supergravity consists of the metric and a 3-form 
tensor field ^o). The action is given by [H] 

48 6 

where -F(4) = dA(3) . There are a total of seven scalars in D = 8, six of which come from the 
metric, whose reduction ansatz is given by 

dsj^ = e-^'^dsl + e^'^dz^Mdz 

+ e-*^+7I*^(dz2 + X2odtf - e-^^^'dt') , (2.2) 

where z = {zi,Z2,t) and the matrix Ai in the metric involves five scalars, parameterizing 

the scalar coset, namely, 

/ $,+±2 , _$,+±2 9 -$,+±2 \ 

e ^Xio~e ^ + e ^xio e v^xio e v^Xi2Xio + e ^/^X20 

^e*^+^*^Xi2Xio + e-*^ + ^*^X20 e*^+^*^xi2 6"*^ + ^*^ + e*^+^*^x?2 ^ 

(2.3) 

The parametrization of such a scalar coset was discussed in detail in [101 [7]. The reduction 
of the 3-form tensor field ^(3) on R^'^ gives rise to one axionic scalar %, given by 

^(3) = xdt Adzi A dz2 . (2.4) 
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This axion and the breathing mode $ in the metric form an gQ^^^'^^j scalar coset with 

M-\ -'' '~::] . (2.5, 

The Lagrangian of the scalar sector, coupled to gravity, of Euclidean maximal supergravity 
in D = 8 is then given by 

= ^[r - Ud^f + ie-2*(5x)2 - Ud^if - Ud'^2f (2.6) 
2.2 Spherically symmetric solution 

We now consider spherically symmetric instanton solutions to the Lagrangian ()2.6p in eight 
dimensions. The metric ansatz is given by 

d4 = TTT*' + ^'o'^? ' (2-7) 
f[r) 

with all of the scalars depending only on the radial coordinate r. The equations of motion 
of such an ansatz for general scalar cosets were discussed in [7]. The Einstein equations in 
the directions of the foliating sphere 5^ imply that 

12(l-/)-r/' = 0, (2.8) 

where a prime denotes a derivative with respect to r. Thus we have 

/ = 1-^. (2.9) 

The Einstein equation associated with Rrr implies that 

- ^ + ^tT{M~^'M') + ItriM^^'M') = . (2.10) 
2r J 

The scalar equations of motion are given by 

{M-^My=0, {M-^JAy=0 (2.11) 
where a dot denotes a derivative with respect to p, defined by 

dp=^- (2.12) 
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Thus, we have 



— arcsm 

6vo \ 



(2.13) 



The second-order differential equations (j2.1ip for the scalars can be easily integrated to give 
rise to a set of first-order equations, given by 



(2.14) 



where C and C are Lie-algebra valued constant matrices. Both C and C are traceless since 
detA^ = detM = —1. Substituting this and (j2.9p into (j2.10p . we have the following 
constraint on these constant matrices, namely 



I = -itr(C2) - itr(C2) = 2{D - 1){D - 2)a = 84a . 



(2.15) 



Thus we see that the solutions are completely determined by the constant matrices C and 
C. Such matrices for the SL{n,M)/ SO{l,n — 1) scalar cosets were classified in [71 [8] that 
would yield different classes of solutions. If we turn off the scalars in M, the solutions are 
then Ricci-flat, and fully classified in [7], including new smooth wormholes and new tachyon 
waves. If instead we turn off the scalars in A^, we may obtain supersymmetric jl2j and 
non-supersymmetric M2-branes as in |19^ [20] . 

We now consider the classifications of C and C and hence A4 and M in detail. We begin 
with C and M, which were discussed in [?]• Here we shall just present the results. 

Class I: The constant matrix C has a pair of complex eigenvalues. It is isomorphic to 



C 



(a -13 \ 

13 a 
\0 -2a J 



(2.16) 



It follows that 



f-e^'P cos (3p e'^P sin pp \ 
M= e'^Psmpp e'^P cos I3p • (2.17) 
V e-2"P/ 

Class II: The matrix C has three real eigenvalues, with one timelike and two spacelike 
eigenvectors. It is isomorphic to 

/qi \ 



e 





02 
VO -(ai+Q2)/ 



(2.18) 
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Thus we have 



/_e«ip 



M 







pa2P 



(2.19) 



\ e"(°i+°2)py 

The matrix C can also have three real eigenvalues, but with degenerate eigenspace. 
There are two inequivalent cases, leading to the follow two classes. 

Class III: C is rank 2 and there is a twofold eigenvalue with a 1-dimension eigenspace. 
Such a C is isomorphic to 

fq + a Q \ 
C= -Q -Q + a ■ (2.20) 
\ -2a/ 

Note that we can fix Q = ±1 by an 0(1, 1) boost. The corresponding matrix M is given 

by 

/-e'^Pil + Qp) -e'^PQp \ 
M= -e'^PQp e°/'(l-Qp) ■ (2.21) 



V 



e^2ap 



Class IV: C is rank 2 and all of its eigenvalues are zero. Such a C is isomorphic to 

^ cos/3 cos P —^smp\ 

— cos P — COS P I sin P 
\isin/3 isin/? / 



C 



(2.22) 



The matrix M is given by 



/-(H- /9COS/3 - sin^ /3) -{pcos P - ^p"^ sin^ P) ipsin/3\ 



M 



\ 



(2.23) 



-(/9COS/3 — sin^ /?) (1 - pcos/? + sin^ /?) ipsin/3 
^psinP ^psinP 1 j 

The classification of C and A^, on the other hand, is somewhat different than those 
discussed in [7] . We may still use the rigid rescaling and the rigid gauge symmetry to make 



e*(po) 



1 



X(po) = ^123(Po) 







(2.24) 



at any but a specific point po- We shall choose it to be the asymptotic infinity, which is 
located at p = 0. It follows that 



M{^) = diag{-l,l} 



(2.25) 



This ensures that the solutions are asymptotic fiat. We are now left with an S'0(1, 1) 
residual symmetry. However, unlike the previous S'L(3,M) case, in which the ^^(S, M) is 
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part of the general coordinate transformations in D = 11, we have no reason to use this 
residual symmetry further to put C into the simpler canonical form obtained in [7]. Instead, 
we should regard this 5*0(1, 1) as a nontrivial solution-generating symmetry group and write 
down all of the solutions. In practice, it is convenient to use the canonical forms obtained 
in [7] and then recover the full sets of inequivalent solutions by performing the 5*0(1, 1) 
transformations. This leads to the following three classes of solutions. 
Class i: C has a pair of complex eigenvalues. Its canonical form is 




C=\ ' I . (2.26) 

The corresponding M is 

(— COS7P sin7p , 
I . (2.27) 
sin 7/9 cos 7/9 

To restore the full 50(1, 1) multiplets, we perform a further 50(1, 1) transformation with 



cosh0 sinh^ 
sinh^ cosh^ 

where is an arbitrary constant. The new M is then given by 



(2.28) 



— / — COS7P + sin7rt sinh20 sin7p cosh 20 
M ^ A^MA = I '^^ I . (2.29) 

\ sin7p cosh 20 cos 7p + sin7p sinh20^ 
Thus we have 

e~* = cos 7p + sin 7p sinh20 
sin7p cosh 20 

^ = r~- (^-^^^ 

cos 7/3 + sm 7p smh 2d 

Class ii: C has two real eigenvalues, with one timelike and one spacelike eigenvectors. 
Its canonical form is 

^=(0-7)' ^^-^^^ 



and hence 

M = \ ~ 

e^^P 



e^P 

= I I . (2.32) 



A further 50(1, 1) transformation leads to 

-rr — 1 - (cosh 7/9 + sinh 7/9 cosh 20) — sinh7p sinh20 
M A^MA = ( ^ ' ^' I . (2.33) 

— sinh7p sinh20 cosh7p — sinh7p sinh20 



Thus, we have 

e~* = cosh7p — sinh7p cosh 20 
sinh7/3 sinh20 

^ cosh7p — sinh7^ cosh 20 
Class iii: C is rank 1 and all of its eigenvalues are zero. Its canonical form is 

(2.35) 

\-Q -Q] 

which yields 

~ l-{l + Qp) -Qp\ , , 

M=\ . (2.36) 

\^ -Qp l-Qpj 
The further S0{1, 1) transformation leads to 

M ^ A^TWA =\ ^ ^" ^'^ \ . 2.37 

\ -e^'Qp l-e^'Qp) 

Thus we see that 6 can be absorbed into the redefinition of Q. Thus, in general we have 

e"* = l-Qp, ^ = -^P^. (2.38) 

1 - Qp 

We have thus obtained the solutions for both M and M . The combination of the two 
gives rise to a total of 12 classes of solutions. It is straightforward to lift these solutions 
back to Z? = 11 using the reduction ansatz discussed in section (j2.ip . These 12 classes of 
solutions comprise the most general spherically symmetric M2-branes, with the isometry 
group of X 50(8). 

2.3 Properties of the solutions 

In the previous subsection, we have shown that there exist twelve different classes of spheri- 
cally symmetric M2-branes. We shall now discuss their properties. To do this, we first make 
a coordinate transformation so that the metric (j2.7p is manifestly conformal flat, namely, 

dsj = g{f)idf^ + r^dn^j) = (l + ^)5(df2 + f2df^?), (2.39) 

where 



f6 = i(r6 + y/rS-a). (2.40) 

Thus we have 



For a < 0, there will be a naked curvature singularity at f^^ = — o/4 in general. Note that 
the point where e"* = is also singular since the volume of the world volume becomes 
infinite while that of the transverse space shrinks to zero. To see this, let us suppose that 
e~* = for a certain finite f = fo > 0, and we find that both dpC"^ and dfp are finite at 
this point in all classes of the solutions. It follows that the metric must be singular at this 
point, since 

e-^dsl {f- fo)Ti{dr'^ + fldO^j) . (2.42) 

When such a singularity is avoided by an appropriate choice of the parameters with a proper 
value of 7, we would have regular solutions if f^^ = —a/4 is a degenerate surface and thus 
it is just a coordinate singularity. Such a solution is either a black hole or a Kaluza-Klein 
bubble. 

For a > 0, f^^ = a/4 could be just a coordinate singularity and the metric can be 
regular if there are no further singular terms from e*, which can be avoided if the point 
coth 7/3 = — cosh 29 (or cot 7/9 = sinh 29) is out of the range of our parameter except the 
asymptotic point f = 0. In this case, the range of r can be extended to (O,cxo). Note that 
(|2.39p and (|2.4ip are invariant under 




and thus (j2.39p describes a wormhole connecting two asymptotic regions Wq and VFqo at 
f = and 00 respectively. From now on, we shall denote f by r for simplicity. 



Class I.i 

This class of solutions is the one that combines Class I for ^A and Class i for . Lifting 
the solutions back to D = 11, we have 

ds^ = ei* [e'^P cos I3p{dzl - dt^) + 2e"'' sin I3pdtdzi + e'^^Pdzi) 

+e~^''il + ^)kdr^ + r^dn^j), 

sin 7/9 cosh 20 10 , ^ 

^(3) = ^-rdt A dz^ A dz^ , (2.44) 

cos 7/3 + sm 7p smh 29 

where 

1 2_ 



e = COS7P + sin7/)sinh20 , cos(6\/ap) 



+ 7^ - = 84a . (2.45) 

If a < 0, then (— a/4)T2 < r < 00 corresponds to —00 < p < 0. There is always a naked 
curvature singularity at cot 7/3 = —sinh 20. If a > 0, the range for r is < r < 00, 
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corresponding to — vr < (S^/ap < 0. The point r = (a/4) 12 corresponds to Q^/ap = 7r/2. To 
avoid the possible curvature singularity at cot7p = — sinh20, we must have 

--^ > -arccot(sinh26') > -vr for 7 > , 
6v^- ^ ^ (2.46) 

< arccot(- sinh26') < vr for 7<0. 

The solutions then describe smooth M2-brane wormholes that connect two asymptotic re- 
gions. One asymptotic region lies at r — > 00, for which we have 

1 fl, 7sinh26' 

It follows that 

ds^ - (1 + (|7sinh20 - a) ^) {-dt' + dzf) - ^dtdz, 

'2.,^,^unn , o„A M ^.2 , n 7sinh2e, , , 2 , 2,^,2. 



+ 1^1 + (|7sinh2e + ^ j + (1 - ^^^)idr' + r'dn^j) , 

7 cosh 20 ,,1,9 / . N 

^(3) 7 — dt A dz^ A dz^ . (2.48) 

We shall call this asymptotic region W^o , which is the eleven-dimensional Mankowski space- 
time. The ADM mass can be calculated from the subleading terms of this asymptotic region, 
given by 



M 

where 



/ d^^'^idnhmn " ^mhi^) = ^^{(1 - sinh 29) , (2.49) 
J r— >oo 

P 

^ 27r2 ^ ^ 

"'^ = f(|) ^^-^"^ 
is the volume of the unit sphere . The momentum along the zi direction is 

Pi = /3O7 . (2.51) 

The M2-brane charge is 

Qm2= I *f(4)=/' d^S"*F^oi2 =7cosh(20)f77. (2.52) 

Jr—>oo Jr~*oo 

The other asymptotic region is at r = 0, which we shall denote as Wq. When the 
inequality of (|2.46p is strictly held, Wq is an asymptotically flat region. To see this, let us 
define = a/Ar^. For r — > 0, we have 

1 TT 



P 



6R^ 6^/a ' 



COS ( —^-;= ) — sin ( — ^ 1 sinh 26 
\6VdJ V6va. 



10 



^(1 + ^), 



(2.53) 



where 



A = cos ( — — sin ( — sinh2^ , 
Making the follow coordinate redefinition 



B 



sin(^) + cos(j3:^)sinh20 
cos(7^) -sin(-^)sinh2^' 



Zl 



i = A~3e i2v^ 



. / /3vr \ 
zi cos I — — ^ I — t sm — 



z-[ sm — + i cos — 



22 , 



(2.54) 



(2.55) 



we have 



A 



(3) 



1 _ q^B - a) 



20 

{-dP + dzf) + -r^dtdzi + 



+{i + ^)Ah{dR^ + R^dnli), 



l-{hB + 2a) 



dzl 



-^"^ cosh 26* sin f ^ 



cosh 26 sin 



77r 



7 



6yli?esin(^) 



A dz^ A dz^ 
di A dz'^ A dz"^ . (2.56) 



The ADM mass, momentum, and M2 charges, measured in Wq, are given by, respectively, 
M = {'jB - a)An7, Pi = -pAn7, Qm2 = -7cosh(26')07. (2.57) 
If, instead, the equality in (j2.46p is held, namely. 



"i^ = — arccot(sinh 2^) > — vr for 7 > , 
— = arccot(— sinh20) < vr for 7 < , 

the asymptotic region Wq becomes AdS4 x S"^ . This can be seen easily since we have 



(2.58) 



e * — > 7 sin i cosh^ 20—-^ 



(2.59) 



Class I.ii 



The solution is 



ds^ = ei*(e"'' cos pp^dzf - dt^) + 2e"'' sin fipdtdzi + e-'^^'Pdzl] 



11 



A 



(3) 



dt A dz^ A dz. 



where 



cosh 7/9 — sinh 7p cosh 29 

cosh 7/9— smh7p cosh 2^ , 
84a . 



(2.60) 



cos 



1 _| « 



(2.61) 



In the case of a < 0, the coordinate r Hes in the range of (—a/4) 12 < r < 00, corresponding 
to —00 < p < 0. For 7 < 0, there is curvature singularity at coth7p = cosh 2^ , and the 
range of p hes in 7~^arccoth(cosh 20) < /3 < 0. For 7 > 0, the range of p is —00 < p < 0, 
and r = (—a/4) 12 is a naked singularity in general, except for the case of the M2-brane 
bubble, arising at 

a = -h , = 6 , /3 = . (2.62) 



The solution is a double Wick rotation of a black M2-brane [21], analogous to the Kaluza- 
Klein bubble which is a double Wick rotation of a black hole. 

In the case of a > 0, we have < r < 00, corresponding to — vr < 6y/ap < 0. The point 
r = (a/4)T2 corresponds to G-^/ap = 7r/2. To avoid the possible curvature singularity at 
coth7p = cosh 20, we must have 

77r 



6^ 



< arccoth(cosh 20) . 



(2.63) 



The solutions describe wormholes that connect two asymptotic regions Woo and Wq at 
r = 00 and r = 0, respectively. 
As r ^ 00, we have 

-4> 1 , 7 cosh 20 



P 



1 

'6r6 



and then 



ds^ 



1- (§7 cosh 20 + a) ^ 
+ 1 - (§7 cosh 20 - 2a) 



1 + 



-dt"^ + dzf) 



6r6 



21 

Qj.6 



(2.64) 



dtdzi 



1 

6r6 



A 



(3) 



7 sinh 20 
6r6 



, 2 7 cosh 20, , , 2 2 ,^2x 

+ (1 + ^g^6 )(^^ + ^^^?) ' 



(it A (iz^ A dz^ . 



(2.65) 



Thus the asymptotic region Woo is flat. The ADM mass, momentum, and M2 charges are 
given by, respectively. 



M = (a + 7 cosh 20)^7 , Pi = [5Q.j , 



Q 



M2 



-7sinh(20)J77. 



(2.66) 



12 



We now look at the asymptotic region Wq, which is also flat if the inequality (j2.63p is 
strictly held. Let us define = a/4r^, and we have 



P 



6i?6 6^ ' 

cosh (^) + sinh ( ^ ) cosh 29 
where 

^ = cosh ( + sinh (gl^) cosh 2^, 
Introducing new asymptotic coordinates 



sinh (^) + cosh (^) cosh 26* ^ ' 
~ cosh (g^) + sinh (g^) cosh 20 



B 



sinh (g^) + cosh (g^) cosh 2g 
cosh ( 6^ )+ sinh (g^) sinh 20 



(2.67) 



(2.68) 



h = A-se-^^V-a [.,cos(^)-isin(^) 
sin(^) + tcos(^) 



Z2 



Z2 , 



we obtain 



1 - (§75 - a) 





{-dP + dzf) + ^didzi + 



l-(|7S + 2a)^ 



(2.69) 



^(3) sinh 20 sinh ( 



1- (cothi ^1 +5^ ^ 



6^ 



6i?6 



dt A dz^ A dz^ 



sinh 20 sinh 



77r 



1 



di A dz^ A dz^ . 



(2.70) 



6Ai?6 sinh(jP^) 

Indeed, the metric is flat when R ^ oo. The ADM mass, momentum and M2 charges are 
given by, respectively. 



M = {-/B - a)An7 



1 



-PAn^, QAf2 = 7sinh(20)rJ7. 



(2.71) 



If, on the other hand, the equality in ()2.63p is held, then Wq is asymptotically AdS4 x S"^ . 
This is because 



sinh ( ^ ) sinh2 20— « . 



Class I.iii 
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The solution is 

ds^ = ei*(e"^cos^p((iz? _ dt^) + le'^P sin p pdtdzi + e-^'^^dz^) 
a 
4^1 



^(3j = - dt A dz^ A dz^ (2.73) 

i — Ljp 



where 



e 



-'^ -l-Qp, cos(6V^p) = ^ , - 3q2 = 84a . (2.74) 



1 + 7^ ' 

4r 



In the case of a < 0, we have (—a/4) 12 < r < 00, and correspondingly, the range of p is 
—00 < /3 < 0. For Q < 0, there is a curvature singularity at Qp = 1 , and the range of p 
is Q^^ < p < 0. For Q > 0, the range of p is —00 < p < 0, and r = (— a/4)i2 is singular, 
except for the extremal case a = /3 = 0. 

In the case of a > 0, we have < r < cxo, and hence — vr < Q^/ap < 0. The point 
of r = (a/4) 12 corresponds to ^\/ap = 7^/2 . To avoid the possible curvature singularity 
associated with singular e*, we need 

-^<l. (2^75) 

The asymptotic region Woo at r ^ 00 is flat. To see this, we note that 

It follows that 



ds' - (1 - ilQ + a) ^) (-dt' + dzl) - '^^dtdz, + (1 - (|Q - 2a)^ j d^i 

A(3) ^ -^dt A dz^ A dz"^ . (2.77) 

The ADM mass, momentum, and M2 charges are given by, respectively 

M = {a + Q)n^ , Pi = , Qm2 = -Q^7- (2.78) 

The asymptotic region Wq at r = is also flat, provided that the inequality of (|2.75|) is 
strictly held. Let us define = a/4r^, and then 

1 vr 

$ ^ _ Q ^ ^ ^ ^ 
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where 



A = l + ^. (2.80) 
ova 



Further introducing new asymptotic coordinates 



i=A-.e-^^V-a (.isin(^) + tcos(^)^ 
Z2 = A-3e^^Z2 , (2.81) 



we have 



ds' - (l + (§ + a)^) {-dP + d~zl) + ^didii + (l + - 2a)^) 

The ADM mass, momentum, and M2 charges are given by, respectively, 

M = -{Q + aA)n7 , Pi = -PArt7 , Qm2 = Q^7- (2.83) 
If on the other hand, the equahty in (j2.75p is held, we have 



Q 



(2.84) 



6i?6 ■ 

It follows that the asymptotic region Wq is AdS4 x 5^. This solution was obtained and 
discussed in detail in |22j . 

Thus we see that all class I.i, class I.ii and class I.iii solutions contain M2-brane worm- 
holes that smoothly connect two asymptotic regions. One asymptotic region is always flat, 
while the other can be either flat or AdS4 x 5^. 



Class Il.i 

The solution is 

sin 7p cosh 2^ ,,1,9 , 

As) = r^. ^^ri^dt A dz^ A dz^ , 2.85 

cos 7p + sm 7p smh 20 

where 

1 2_ 



COS 7/3 + sin 7p sinh 20 , cos(6\/ap) 



1 J a 
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Y -af-ai- Qia2 = 84a . (2.86) 



1 



If a < 0, (—a/4) 12 < r < oo corresponds to — oo < p < 0. There is always a naked curvature 
singularity at cot 7/9 = — sinh20. Ifa>0, 0<r<C)O corresponds to — vr < 6y^p < and 
r = (a/4) 12 corresponds to 6-v/ap = 7r/2 . To avoid the possible curvature singularity at 
cot 7p = — sinh20, we must have 

--P^ > -arccot(sinh20) > -vr for 7 > , 
6Va - (2.87) 

— < arccot(— sinh20) < vr for 7 < . 

However, from the constraint, we find that 1-7=1 > 2\/21 > 6. Thus the naked curvature 
singularity at cot7p = — sinh20 is unavoidable, and there is no regular solution in this 
class. The special case with ai = 02 = was obtained and discussed in detail in [20] , 

Class II. ii 

The solution is 

sinh7rt sinh20 ,,1,9 / ^ 

A(3) = '-^ —dt A dz^ A dz^ , 2.88 

cosh 7p — smh 7/3 cosh 2t^ 



where 



1 « 

e~* = cosh7p — sinh7p cosh 20 , cos(6\/ap) ~ 



1 ^ a.. ' 

-7^ - a? - a| - aia2 = 84a . (2.89) 

In this class we always have a < 0. Then the range (—a/4) 12 < r < 00 corresponds to 
— 00 < p < 0. In the case 7 < 0, there is a curvature singularity at coth7p = cosh 20, and 
the range of p should be 7~^arccoth(cosh 20) < p < 0. In the case 7 > 0, the range of p 
should be — 00 < p < 0, and r = (—a/4) 12 is singular in general, except in the cases when 
the black M2-brane (or its double Wick rotation counterpart M2-brane bubble (j2.62p which 
is shared by classes I.ii and II. ii ) arises, namely, 

ai = -2q2 , a2 = -h , ^= = 6 • (2.90) 

V— a 



Another special case with ai = 02 = was obtained and discussed in detail in [19^ I20j. 



Class Il.iii 
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The solution is 

^ = ^^di A dz^ A dz"^ , (2.91) 

1 - Qp 

where 

1 ^ 



e = 1 — Qp , cos(6\/a/o) 



4r 



-af - 02 - aia2 = 84a . (2.92) 

In this class we always have a < 0. Then (— a/4)T2 < r < oo corresponds to — oo < p < 0. 
In the case Q < 0, there is a curvature singularity at Qp = 1 , and the range of p should be 
Q^^ < p < 0. In the case Q > 0, the range of p should be — cxo < p < 0, and r = (— a/4)T2 
is the singularity except for the extremal case ai = Q2 = 0, which corresponds to the BPS 
M2-brane \U\. 



Class Ill.i 

The solution is 



where 



ds^ = ei* |e"'' -(1 + Qp)dt'^ - 2Qpdtdzi + (1 - Qp)dzf + e-^^Pd^l} 

+e-5*(l + ^)3(dr2 + r2dO?), 

sin 7p cosh 20 ,,1,9 / x 

A(3) = -—dt A dz^ A (iz^ , (2.93) 

cos 7p + sm 7/3 smh 26' 



g 

e~* = COS7/3 + sin7/9sinh20 , cos(6\/ap) = ^ , 

1 + 

72 _ 3q,2 = 84a . (2.94) 

If a < 0, the coordinate range (— a/4)i2 < r < co corresponds to —00 < p < 0. There 
should always be a curvature singularity at cot 7P = — sinh 20 where p is finite. If a > 0, 
< r < 00 corresponds to — vr < Q^/ap < 0, and r = (a/4)i2 corresponds to ^^fap = 7r/2 . 
To avoid the possible curvature singularity at cot ")p = — sinh 20, we need 

--P^ > -arccot(sinh20) > -vr for 7 > , 
6v^" ^ ^ (2.95) 

— < arccot(— sinh 20) < vr for 7 < . 



On the other hand, we find |-^| > 2v21 > 6. Thus the curvature singularity at cot7p 
— sinh 29 is unavoidable. 
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Class Ill.ii 



The solution is 



2$ 
63 



-(1 + Qp)dt'^ - 2Qpdtdzi + (1 - Qp)dzf 



+ e 



+e-5*(l + 



A. 



sinh7p sinh2^ 



(3) 



cosh 7/? — sinh 7p cosh 29 



dt A dz'^ A dz"^ , 



-''^Pdzl] 



where 



-7 



cosh 7p — sinh 7p cosh 20 , cos(6\/ap) 



3a^ = 84a 



a 
4r^' 



1 + 



(2.96) 



(2.97) 



In this class we always have a < 0. Then (— a/4)T2 < r < oo corresponds to — cxd < p < 0. 
In the case 7 < 0, there is a curvature singularity at coth7p = cosh 20, and the range 
of p should be 7^^arccoth(cosh20) < p < 0. In the case 7 > 0, the range of p should 
be —00 < p < 0, and r = (—a/4) 12 is the singularity in general except for the M2-brane 
bubbles arising at 

a = -§7, -^ = Q. (2.98) 



Class Ill.iii 

The solution is 



ds^ = ei* {e'^P -(1 + Qp)dt^ - IQpdtdzi + (1 - Qp)dzf + e'^^/'dzl} 
+e-k-^{l + £^)l{dr'+rWj), 

A{3) = - /^^ dt A dz^ A dz'^ , (2.99) 
i — LJp 



where 



e 



- 1 - Qp , cos{6^/ap) = ^ , -Sa^ = 84a . (2.100) 



1+4. 



1 



In this class we always have a < 0. Then (— a/4)T2 < r < 00 corresponds to — cxo < p < 0. 
In the case Q < 0, there is a curvature singularity at Qp = 1 , and the range of p should be 
Q^^ < p < 0. In the case Q > 0, the range of p should be —00 < p < 0, and r = (— a/4)T2 
is the singularity except for the extremal case a = 0. In this limit, we have p ~ 1/r^, and 
the solution describes a pp-wave of momentum Q propagating in the worldvolume of a BPS 
M2-brane. 
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Class IV.i 



The solution is 



ds'^ = ei* [- (1 + apcos2/3- la'^p'^ sin^ 2(3) + (l - ap cos 2 [3 + sm^ 2(3) dzf 

—2 (q/3cos 2/? — |a^p^ sin^ 2/3) dtdzi + apsm2f3dtdz2 + apsm2f3dzidz2 + dz^ 



1 



+e-^''{l + —y^)Hdr'+r'dn',,, 



47-12 - 
;osh 2( 

cos 7P + sin 7p sinh 29 



sin7pcosh20 , , i , o 
^(3) = ^ , , :..T.o^ ^^ ^ ^-^ ^ ^-^ ' (2.101) 

where 



e * = COS7/9 + sin7psinh20 , cos(6-v/ap) = t ^ 

1 + 4^ 

7^ = 84a . (2.102) 

In this case we always have a > 0. Then < r < oo corresponds to — vr < 6^/ap < 0, and 
r = (a/4)i2 corresponds to 6y^p = 7r/2 . To avoid the possible curvature singularity at 
cot 7p = — sinh 20, we need 

--P^ > -arccot(sinh20) > -vr for 7 > , 

" ^ ^ (2.103) 

^ arccot(— sinh 20) < vr for 7 < . 



On the other hand, we find \-^\ = 2\/2T > 6. Thus the curvature singularity at cot7p 
— sinh 20 is unavoidable, and there is no regular solution in this class. 



Class IV.ii 

The solution is 



ds"^ = ei* [- (1 + apcos2/3- la'^ p'^ sin^ 2p) dt^ + (l - apcos 2/3 + ia^^ sin^ 2/3) dzl 

—2 (q/3cos 2(3 — \a^p'^ sin^ 2/3) dtdzi + apsm2f3dtdz2 + apsin2j3dzidz2 + dz^ 
1 



+e-3'P(l + ^)3(dr^+r^dO^), 

sinh 70 sinh 20 ,,1,9 

^(3) = r ^ r^dt A dz^ A dz^ (2.104) 

cosh 7p — smh 7p cosh 20 

where 

1 

e~* = cosh 7/3 — sinh7p cosh 20 , cos(6\/ap) = , 

1 + 

-72 = _ (2.105) 

In this class we always have a < 0. Then (— a/4)T2 < r < 00 corresponds to — cxo < p < 0. 
In the case 7 < 0, there is a curvature singularity at coth7p = cosh 20, and the range of 
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p should be 7~^arccotli(cosli 20) < p < 0. In the case 7 > 0, the range of p should be 
—00 < p < 0, and r = (— a/4)T2 is the singularity except the 7 = limit which is the 
tachyon wave, obtained in [7]. 



Class IV.iii 

In this class we always have a = 0. The solution is 



ds^ = et* [- (1 + apcos2/3- p^ sin^ 2(3) dt^ + (l - apcos 2/? + ia^^ sin^ 2/3) dzl 
— 2 (apcos 2p — gO /9 sin 2/3] dtdzi + opsin 2/3dt(iz2 + ck/o sin 2/3dzidz2 + ^22] 



Qp 



^(3) 

where 



1-Qp 



-dt A dz^ A dz 



1 



(2.106) 



(2.107) 



The range < r < 00 corresponds to — 00 < p < 0. In the case Q < 0, there is a curvature 
singularity at Qp = 1 , and the range of p should be < p < 0. In the case Q > 0, the 
range of p should be — 00 < p < 0, and r = is nonsingular. This configuration describes a 
tachyon wave propagating in the M2-brane, obtained in [7j. 

Table 1: Solutions without a naked singularity 



Class 


Parameter regimes 


Description 


Li 


a>0, 7>0, -^> -arccot(sinh26') 


Wormhole 


Li 


a>0, 7<0, arccot(- sinh 2(9) 


Wormhole 


I.ii 


a > 0, — < arccoth(cosh 20) 


Wormhole 


I.ii (also in II. ii) 


a < 0, 7 = Q\J—a^ a = —A^J—a, /3 = 


M2 bubble 


I.iii 


a > 0, - # < 1 


Wormhole 


I.iii (also in Il.iii) 


a = a = /3 = 0, Q>0 


BPS M2 brane 


Il.ii 


a < 0, 7 = 6y/—a, 02 = — 4-v/— a, ai = 8\/—a 


Black M2 brane 


Ill.ii 


a < 0, 7 = 6y/—a, a = —Ay/— a 


M2 bubble with pp-wave 


Ill.iii 


a = a = 0, Q>0 


pp-wave on BPS M2 brane 


IV.iii 


a = 0, Q>0 


Tachyon wave on BPS M2 brane 



In summary, we have obtained the most general spherically symmetric M2-branes. We 
found that there are a total of twelve classes of solutions. All of the solutions without a 
naked singularity are listed in Table 1. 
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3 The traversability of wormholes 



We have obtained the most general spherically symmetric M2-branes in the previous sec- 
tions. From Table 1, we can find that the class I.i, I.ii, and I.iii solutions with appropriate 
parameters describe smooth wormholes that connect two asymptotic regions. We have ob- 
tained their ADM masses, linear momenta, as well as the M2 charges measured in each 
asymptotic region. In this section, we discuss the traversability of these wormholes. The 
traversability of higher-dimensional Ricci-flat wormholes was discussed in |17] . 

3.1 Geodesic motion 

The metrics of the class I.i, I.ii, and I.iii solutions have the same form. The Lagrangian for 
geodesic motion is given by 



2i 

1 -1$ , a \3 



^^^2 ; + + sin^ ^1 + • • • + sin^ di . . . sin^ 9^ 6^) 
+ ie§*-2°Pi2^ iel*+°^[cos/3p(ii2-i2) + 2sin/3piii] . (3.1) 

where a dot denotes a derivative with respect to the proper time r. The conserved quantities 
are 

,i,T, a ■ ^ 



J = e-^* ( 1 + ^ j ' r2 sin2 9^ . . . sin^ 9q 9j 



E = e3*+"/'(cos/3pi - sin/3pi) , 
pi = ei*"''"''(cos/3pi + sin/3pt) , 

P2 = ei*-2°^i2 . (3.2) 

By the SO (8) symmetry, we can choose an appropriate coordinate system for any given 
geodesic such that 9i = ^tt [i = 1,2, ... ,6). The Lagrangian itself is a constant for geodesic 
motions, i.e., C = where e = 1,0,-1 for the timelike, null and spacelike geodesies 

respectively. It follows that we have 

(i + i^) ' = — (i + i^) J - ^-^"^""^^ + y ' (3-3) 

where the potential is 

V = e-§*-"/' [{E"^ -pI) cos f3p + 2Epi sin/3p] 

= e-i*-"^(^2 ^ _ X) , (3.4) 



where 
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The asymptotic regions Woo and Wq correspond to p = and p = — respectively. 

For the class Li, we have 7^ < vr^, and thus > (84a — 7^) > For the 

classes I.ii and I.iii, we have > ^^'^Ma ~ follows that the range of the angle 

(3p from Woo to Wq is always larger than vr. Therefore V must take some negative values 
in some region of r, and the wormhole is not traversable for both the timelike and null 
geodesies. 

3.2 Timelike trajectories 

We now consider traversable timelike trajectories. The metric of the wormholes can be 
recast into 

+e-^''{^ + £uy[dr' + r^dn^^ (3-6) 
where {u, v) are light-cone coordinates, defined by 

u = t — zi,v = t + zi . (3-7) 

To get the timelike trajectory from W+ to W-, let us consider 

u = r/(cot ^{Pp + c) + 1)^ cos — r/(cot ^{Pp + c) — 1)^ sin + ci , 

V = r/(cot ^{Pp + c) — 1)^ cos + r/(cot ^{j3p + c) + 1)^ sin |c + C2 , (3.8) 

where t], c, ci, C2 are arbitrary constants. We have 



(3.9) 



sin i/3pu' + cos \(3pv' = cos \l3pu — sin^fipv 

rij3 dp r](3 sin {6^/ap) 

sin^ ^{Pp + c) dr sin^ ^{Pp + c) \/ar 

where a prime denotes a derivative with respect to r. Then the timelike condition 

2 1 - 

e3*+°^(sin ^ppu' + cos ^Ppv'){sm \Ppv' - cos \Ppu') + e~3* [l + ^) ^ < (3.10) 
implies 

^202 gS+ap 



sin^(i(/3p + c))ri4 (^l + ^ 

Note that 



->1. (3.11) 



2^2 *+ap 2^2 $+ap 

-> — ^— f>0, (3.12) 



sin6(i(/3p + c)) ri4 (l + ^) ' r^^ (l + ^ 
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and is only possible for r — > 0, oo. From the continuation of the expression of the left-hand 
side of (j3.1ip . its minimum in the region r > must be greater than if it is greater 

than at Woo', its minimum in the region < r < must be also greater than if 

it is greater than at Wq. The most relevant example for the former case is c = where 

772/32 e*+°/' 



sin6(i/3p)r-i4(l + ^ 



00 , 



as 



while the most relevant example for the later case is c = where 



r — > 00, 



(3.13) 



00 , 



as 



r ^ 0. 



(3.14) 



Thus along the trajectories 

U = 1]oo (cot i/3p + 1)2 + Ci , 
V = 7?oo(cot - 1)2 + C2, 

n = 7?o(cot(i/3^+^) + l)2cos^ 



(3.15) 



r?o(cot(i/3p + - 1)2 sin + 4 



- = ^0(cot(i/?p+^)-l)2cOS^ 



(3.16) 



+7?o(cot(l/3p+^) + l)2sin^ + d2. 



12v^ 



with sufficiently large r?^ q, one could travel from W^ofi to the throat of wormhole r = 
(0/4)12, respectively. If the two trajectories could be matched in r = (a/4) 12 smoothly, 
then one could travel from Woo to Wq. 

For the trajectories (j3.15p and (j3.16p matching at r = (a/4)^/^2^ need 

, 2 



^1=^1 + + ij^^OCOS^ - (Cot(^) - 1 

c,=d, + (cot(^) - l)%ocos^ + (cot(^) + 1 



r]Q sm 



I3tt 



+ Vc 



rjo sm 



/37r 



. (3.17) 



For the trajectories matching smoothly, we further require both sin ^Ppu' + cos \l3pv' and 
cos\j3pu' — sin^/Jpu' to match at r = (a/4)^/^2_ From (13. 9p we know that it is satisfied 
when 



1I00 = -Vo- 

In conclusion, our example for timelike trajectories from Woo to Wq is 



u 



(3.18) 



-r?(cotl/?/, + l)2+r?(cot(^) + lj cos ^ 

^(2^) - 1)' (^"^ tIt^ - 1) + ' > ; 

^(cot(i/5p+^) + l)2cos^ 

-77(cot(i/Jp + ^)- If sin ^ + di, (r < (ia) ^ 
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,Kcotl/3p-l)2 + r?(cot(^)-lj cos^ 



sm 



I3tt 
12. 



5^ + lj+d2, (r>(ia)T2); 



r/(cot(i/3p+^)-l)2cos^ 



+7?(cot(i/?p + 



/37r ■ 

where rj is large enough. 

The Lagrangian for this trajectory 



+ l)^sin 



I3tt 



+ d2, {r<{la)T2) 



(3.19) 



2£ = ei*+"''(sini/3pu + cosi/3p{;)(sini/3p{;-cosi/3pn) + e-^* fl + ^^r^ 



47-12 



(3.20) 



imphes 



sin6(i/3p)ri4(l+^ 



e 3 



(r > (ia)i2); 



_ i_ 

e 3 



(3.21) 



(r<(ia)i^). 

The radial velocity is zero at infinity and finite everywhere. Since the velocity is analytic 
except r = {a/ 4)^^^'^ and continuous everywhere, the acceleration r should be finite every- 
where and would not be continuous only at r = (a/4)^/^^. As a check, let us consider the 
simple case which is in class Li with 7 = a = 0. In this case, we have 



sin6(i/3p + c)ri4(l + ^ 



6a / a 
2 \ ^ \ 4^12 



-1 14 
r 



3/?sin6v/a/9 ,1^ ,\ a a 

+— — cot(i;gp + ) + ( 1 + 



where 



^/ar 



0, 

)37r 



4r 



12 



2 -| 

" 3 



(3.22) 



12v^ 



(r < {la)T2). 



(3.23) 



Note that p = — at r = (a/4)-'^/^^, and thus r has a jump at this point coming from 
the cot(^/3p + c) term. At any other point, the expression of r is regular. 
The proper acceleration is given by 



(3.24) 
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where = x^. Its explicit expression is rather comphcated. However, we can choose a 
coordinate system where the relevant T^up are finite everywhere while is analytic except 
r = and continues everywhere. Therefore the proper acceleration should also be 

finite everywhere and not continuous only at r = 0. In conclusion, we have obtained a 
timelike trajectory from Woo to Wq which is regular everywhere except r = where 
the acceleration would have a jump. Such a trajectory is physically acceptable. 



4 General spherically symmetric type IIB strings 

'^^^ go'(i'2) ^ go^(i'^) scalar coset, which we used to construct the most general spherically 
symmetric M2-branes, can also arise from the dimension reduction of type IIB supergravity 
on M}'^. The bosonic type IIB action in the Einstein frame is given by [231 [24] 

Sub = J d^'xV^ [r - ^d^)' - h"^{dxof - h^-^^l^ " l^^^^l) 

-4M-^(5)) ~h j C'(4) ^ ^(3) /\ -^(3) , (4.1) 

where il^) = dB(^^, F^) = dC(2), F^z) = - Xo A i^^) and F(5) = dC^^) - ^Qa) A i^o, + 
\B^2) a F(3). In addition, a self-duality condition F{5) = *-F(5) should be imposed. Since we 
consider the reduction to eight dimensions and collect the scalars only, the self-dual 5-form 
field strength plays no role in our discussion. 

The reduction ansatz for the metric and the two 2-form tensors is given by 

cIsIq = e"5^*ds^ + e'^^dz^M dz 

= e-^^^dsl + e"?* [e-^{dz + xdtf - e^dt") , 
C(2) = Xidt A dz , B(2) = X2dt A dz . (4.2) 

The scalars x and associated with jCi, form a complex scalar that is an gQ^'^'^j coset. 
The axionic scalars xoj Xi and X2i the dilaton (j) and the breathing mode $ form the gp^^i -J^ 
scalar coset with 



M 



' -eV3 +e xi + e X2 ^ Xi e v3 xoXi - e v3 

e v3 Yi e v3 e v3 



Xi e e 

V-^-*- -</>-4?* -"/"-^f* , -T^-^S* 2 

\ e v3 _ e v3 6 v3 e ^•^ + e V3 y 



(4.3) 

Comparing with ([23]), we find = <I>i, $ = -$2, Xo = X23, Xi = Xio and X2 = -X20- 
These relationships can also be derived from the T duality of the type IIA and type IIB 
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strings. The Lagrangian for the scalar sector in eight dimensions is given by 



= V~9 



(•9X2 



(4.4) 



Since the SL{2,R) symmetry associated with M is part of the general coordinate transfor- 
mation in type IIB supergravity, it follows that we can put in the simplified canonical 
form. Thus we have the followings: 



Class i: C has a pair of complex eigenvalues, 



M 



- cos 7p sm 7p 
sin 7/9 COS7P 



(4.5) 



Class ii: C has two real eigenvalues, with one timelike and one spacelike eigenvectors, 

M = \ I . (4.6) 




Class iii: C is rank 1 and all of its eigenvalues are zero, 

M = 



-{1 + Qp) -Qp 
-Qp 1-Qp 



(4.7) 



For the 



SL{3,] 



coset, the analysis is much more complicated. We can set A4{0) 



50(1,2) 

diag{— 1,1,1} by the rigid rescaling transformation and the rigid gauge transformations. 
Then we are left with a rigid S0{1, 2) residual symmetry. The SO (2) subgroup of SO{l, 2), 
which acts trivially on comes from the original classical SL{2,M.) symmetry of type IIB 
supergravity. 

Given the solution of Ai in canonical form as in section 2.2, the general solution can be 
obtained by performing the residual 5*0(1,2) transformation M — > A^A4A. The 5'0(1,2) 
transformation A can be parameterized by the analog of the Euler angles as 



A 



A \ /ch sho\ 

ci —si sh ch 

VO si ci / \0 1/ 

^ ch C2 sh 

Cl sh C\C2 ch — S\S2 

\s\ sh S1C2 ch + C1S2 



A \ 

C2 -S2 
yO S2 C2 ] 

-S2 sh ^ 
-C1S2 ch - S1C2 
-S1S2 ch + C1C2J 



(4.8) 
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where ci = cos^i, C2 = cos02> ch = cosh^Oj •si = sin^i, S2 = sm92, and sh = sinh^o- 

However, such parametrization gives rise to lengthy and comphcated results, so we shall 

use an alternative parametrization as follows to describe the most general solutions. 
Given an arbitrary C matrix, we can transform it to be the form 

/ao -Pi -/32\ 
C= I3i ai (4.9) 

\(i2 02 / 

by an SO{2) transformation. Let us suppose that the eigenvalues of C are A^(/i = 0,1,2) 
and Ao is related to the timelike or null eigenspace. We must have 



det(C - XL 



2px2p) 



fj.=0 



A). 



This implies 



Pi 



1,2. 



(4.10) 



(4.11) 



If C belongs to Class I or Class II, we can find a transformation T which transforms 
l9\i to the canonical form by solving the three eigenvectors of (j4.9p . Then performing the 
inverse transformation T^^ on the canonical solution, we arrive at the solution for ()4.9p as 



M = A- 



Pii:l=oe'^'^,^2,, PfEl=oe'^'^,^, PiP2El=oe'^'^, 



where 



(4.12) 



Ao 
A 



A1-A2, Ai 
flA,, 

fi=0 



a 



A2 

= ai 



Ao, A2 
-A. 



An — Ai 



An additional 50(2) transformation gives the parametrization of general C as 

^ ao — (/3i cos ^ — /32 sin 0) — (/?2 cos + /3i sin 0)\ 

C = Pi cos 9 — P2 sin 9 ai cos^ 9 + a2 sin^ 9 ^(ai — 02) sin 29 
\P2 cos 9 + Pi sin 9 ^(ai — 02) sin 20 ai sin^ 6* + 02 cos^ / 

The corresponding solutions in Class I and Class II are 



^J.=o 



B2,n 
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B 



B2,, 



\ 



ai,/ja2,n ai,M"2,M / 



(4.13) 



(4.14) 



(4.15) 



where 



-Bi,p = /3ia2,p cos 6 - /?2ai,p sin 9 , B2^^ = /32ai,At cos + /3ia2,p sin ( 



(4.16) 



Comparing with (|4.3p . we can determine the solution of the various fields to be 

Xl 



Xo 



"2,p 

^2 „A„pA -"i.M 



V^2 „AppA 
Z^p=Oe ^ ^Vai,^a2,M 



r2 ) 



1°2,; 



V3 =A-iJ]]e^'*% 



^l=Q 



"i,Ata2,p ' 



(Am+A„)P^ ^ /?l/?2("2,pai,i. - Q1,mQ2,i/)' 



X2 



t>(A„+A^)pA A (02,^01, ./-"I, mQ2,,.)^ 



(4.17) 



These expressions are still complicated and we shall not discuss further about the properties 
of the solutions. 

If the matrix C belongs to Class III, the twofold eigenvalues Aq = Ai = A have only 
one eigenvector which is null. We can solve the eigenvector V2 for A2. Based on v^^ we can 
formulate an orthogonal and normalized basis that transforms into the canonical form. 
Performing the inverse transformation on the canonical solution, we arrive at the solution 
for as 



M 



-A' 



^ -Co + ai,ia2,iA/9 /3i(-a2,2 + a2,iAp) /J2(-«i,2 + «i,iAp)^ 



=Ap 



/3i(-a2,2 + a2,iAp) /3f 



2 -Ci+aiACt2,iAp 



1,1 



\^/92(-ai,2 + ai,iAp) P^-l + Ap) /?; 



/3i/32(-l + Ap) 

2 -C'2+c(i,ia2,iAp 



^1 



+ e 



A2P 



'^«l,2a2,2 /3ia2,2 /?2«l,2^ 



(4.18) 



where 



A = A - A2 



A,- 



^2 , <-^i,j = Oil — ^vj, 

Cq = ai, 102,1 + ai,iA + 02, lA, 
Ci = ai,iQ!2,i + ai,iA — 02, lA, 
C2 = ai,ia2,i — "i.iA + 02, lA. 



(4.19) 



This result can also be obtained as the Ao — Ai — > limit of (I4.12p . An additional 50(2) 
transformation gives the parametrization of general C as (I4.14|) . and the corresponding 
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solution in Class III is 



M 



-Bl,2 
B2,2 



^2,2 

^1,2^2,2 

CKl,2Ct2,2 fll,2CK2,2 

^1.2^2.2 -^2,2 



-'1,2 



- ai,2Q;2,2 

-Bl,2 
-^2,2 



CK1,2CK2,2 CH,2CK2,2 



-A2 



-Si 2 



—B2a 

-61,2^^2,2 



-^1 .2 -B2 ,2 

ai,2a2,2 



-A2 



/ 



3^'' A/: 



Q!i,ia2,i 

^1,1 
^2,1 



1.1 



(4.20) 



-82,1 

Bl,l-B2,l 

ai, 10:2,1 "1,10:2,1 
Bi, 1-62,1 ^2,1 



"l,lO!2,l "1,102,1 



where 



= /3ia2,j cos ^ — /32ai,i sin ^ , i?2,i = /32ai,j cos + /?ia2,i sin 0. (4-21) 



Comparing with (j4.3p , we can decide the solution of the various fields as 

^Xp/ -61.2-52,2 _ -B1.I-B2.1 N _ ^\yp -61.2-62,2 

^ ai 202.2 01.102,1^'' 01,202,2 



^ Oi,202,2A2 "oi,i02,iA'' Oi,202,2A2 

3i, 
TP 



Xi 



^ Ol,202,2A2 "q,j j^Qj.l A Oi,202.2A2 



ai,2a2,2A^ ai,ia2,iA ai,2a2,2A^ 

e-7f* = e(^+^^)^ / /31H2 + ,2 ^ ^ /3i'/?i(«i.2«2,i-ai,ia2,2)' \ 
I ai,2a2,2A2 ai,iai,2a2,ia2,2A^ J 

^ ^2Xp A ^ /?! «2,2 + /32«1,2 

I ai,2a2,2A2 

(01,202,1 - ai, 102,2)^ + 01,202,2 (/^faii +/320ii)\ 

-P 73 > (4-22) 

ai iai 2a2,ia2,2A-* / 



73* _ (A+A2)p -^2,2 _ /3l/^2("l.2Q2,l - «1,1Q2,2)(-Bl,iai,2«2,2 - -Bi^2ai,lQ2,l) 

V A^ ai,iai,2a2,i«2,2A^ 

-62,2 / /3i/?2(«l,2a2,l - «l,ia2,2)(-Sl,lQl,2Q2,2 - -Bl,2«l,l«2,l) ^1,1 



A2 \ ai, 101,202, 1^2, 2A3 A2 

Note that the SL{2, Z) multiplet of type IIB superstrings obtained in [52] is a special case 
of the class III solutions. 

If C belongs to Class IV, the canonical form given by (I2.22p itself is related to the general 
form ()4.9p by an 50(2) transformation. Then the most general solution for C for this class 
can be obtained from an arbitrary 5*0(2) transformation acting on the canonical C given in 



29 



([222]) • Thus we have 
/ 



C = a 



cos/3 i(3cos(/3-6') +cos(/3 + 6')) -i(3sin(/3 - 61) - sm(/3 + e*)) 

i(3cos(/3-e) +cos(/3 + 6')) - cos{l3 - 6) cos 6 ism(/3-2(9) 

y i(3sin(/3-6') -sin(/3 + 6')) i sin(/3 - 261) sm(/3 - 61) sin 61 



\ 



(4.23) 

Indeed, when 9 = the matrix takes the form of (j4.9p . The A4 is correspondingly given 
by 



-10 



M 



1 
1 



\ 



COSf 



sm t 



cos 6 cos^ i sin 26 



sinO i sin 26* sin^ ( 



ap X 



(4.24) 



cos/? -i(3cos(/?-6l) +cos(/3 + 6')) i(3 sin(/? - 6l) - sin(/? + 6l)) 

i(3cos(/3- 61) +cos(/3 + 6')) - cos(/3 - 6i) cos 6* i sin(/3 - 26*) 

y i(3sin(/3-6l) -sin(/3 + 6l)) i sin(/3 - 26*) sin(/3 - 6*) sin6l 

Comparing with (|4.3p . we can determine that the scalar fields are given by 

iap sin(/3 - 29) + ^a^^ sin^ /3 sin 2(9 



Xo 



Xi 



X2 



_ 2 I, 

e 



1 — ap cos{P — 9) cos + ^cP'p^ sin^ /3 cos^ ^ ' 
-\ap{^cos{f5 -9) + cos(/3 + 9)) + ga^p^ sin2/3cos6' 

1 — ap cos(/? — 0) cos + |a^/9^ sin^ /3 cos^ 9 ' 
|ap(3sin(/3 - 0) - sin(/3 + 9)) - sin^/Jsin^ 

1 — Q;pcos/3 — |a^p^ sin^ /? ' 
1 — apcos(/3 — 9) cos + \oP'p^ sin^ /3 cos^ ^, 
1 — ap cos /3 — |a^/f^ sin^ (3. 



(4.25) 



Having obtained the results for both M and M for all classes of solutions, it is straight- 
forward to lift the solution back to -D = 10 using (j4.2p . giving rise to the most general string 
solutions with M^'^ x 50(8) isometries. 



5 D = 5 pure gravity on 



>i,i 



In this section, we consider five-dimensional pure gravity on M}'^. The resulting D = 3 
gravity theory is described by an gQ^'^j coset. This enables us to find the most gen- 
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eral Ricci-flat solutions with R^'^ x 5*0(3) isometry. The Einstein-Hilbert action in five 
dimensions is given by 

^5 = / (fx^/^R. (5.1) 



Performing the dimension reduction on M ' , we can take 



dsl = e dsl + e^' 



-e^idt + xdz + i(i))2 + e-^idz + A^,) 



(5.2) 



The Lagrangian becomes 



where 

The equations of motion are 



5S 



(2) 



Thus we can define the dual field of A^^'^ and ^4^^^ as follows 



(5.4) 



(5.5) 



(2)X 



(5.6) 



Then we have 



'(2) 



* * K 



(2) 



(2) 



*{d^-xd'p). (5.7) 



The Lagrangian then describe an ^J^^,'^} coset 



= V5 



50(1,2) 

i?3 + ltv{df,M~^d^M)\ , (5.8) 



where A4 is the metric related to the gQ^-^^^'^^j scalar coset 



7W 



^ $ -'^ (J) 2 (J) 



75* A 



J. , 1 A 2 , 

e + e VJ (^(^ 

2 



e v3 + e v3 



V3 



V3 



73^ 



.(5.9) 
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We shall consider the spherically symmetry solutions. As in section 2, the metric in 
three dimensions is determined by the Einstein equation in the foliating sphere directions; 
it is given by 

dsl = {l + ^f{dr^+r^dni). (5.10) 

All of the scalars depend on the radial coordinate r only. The scalar equations of motion 
can be integrated to satisfy the following first-order equation: 

M-^M=C, (5.11) 

where the constant matrix C satisfies a constraint from the Einstein equation associated 
with Rrr, given by 

T= -itr(C^) = 4a. (5.12) 

For this gg^^^^'^j coset, we can set A^(0) = diag{ — 1, 1, 1} by a rigid coordinate and gauge 
transformation. We are then left with a rigid S'0(l,2) residual symmetry where there is a 
50(1, 1) subgroup coming from the rigid coordinate transformation. Thus the nontrivial 
transformations of the solutions form an gQi{]i^ coset. Before modding out the trivial 
50(1, 1) part, the most general solutions for C and M take the same form as those obtained 
in previous section, but with 



1 



cos(V^p) = — (5.13) 



4r^ 

Comparing with (j5.9p . we can find the solutions of the various fields for different classes. 



Class I & II: 



= ~r, ' 

Z^p=Oe ^Vai,^a2,M Z-^p=0'^ ^Vai.^aa,^. 



?2 /?2/ 



ai,Ata2,p 



g<A-75* ^ ^-2 g(Ap+A,.)p^ ^^^ /3l/?2("2,M«l,i^ - «1,mQ'2,^) 

~l ^ " ai,Ata2,Atai, 1^02,1^ 

g{AM+Ai,)p^ ^ /3i/3|(Q2,m"1.-^-"1.m"2,'^)(-^2,-^"1,m"2,M--S2,a."1,^"2,i.) 
^ V p(Am+A,)pA a /3?/3i(a2,M«i..-«i,M"2..)^ 



Class III: 



^Ap/ ■Bi^2i?2,2 _ -61,1,52,1 \ _ ^A2P ^l,2i?2,2 
\ cti 20:2.2 ai,i02,iA'' ai,202,2j' 



... J 



R2 R2 r2 

pApfl _|_ 2,2 _ -"2,1 N _ Aop 2,2 

V ai,2a2,2A2 "ai,ia2,iA'' ai,2a2,2A2 
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B2.2 



^2,1 N _ \y,p B2 2 



A 



-^2,1 



_ 2 $ 

e 



ai,2a2,2 



ai,ia2.iA^ 

-°2,2 "2,1 
P- 



0X2P 



-^2,2 
ai, 202,2 



-°2,2 



,(A+A2)p 



ai,2a2,2A2 '"01,102,1 A 



ai,2a2,2 



A2 



+ p 



ai,2a2,2A2' 
/5i/?2(«i,2a2,i - ai,ia2,2)^ 



OllOl 002,102,2 



A3 



1 + 



/3f o| 2 + /52"i 2 /?i/?2 ("i,2a2,i - ai,ia2,2) + ai,2a2,2(/5ia2 1 + /^i^i 1) 



^ X 

. A2 
Class IV: 



01,202, 2A2 

-Bl,2 



,{A+A2)p 



Oi,iOi,202,ia2,2A3 

/32/?2(q,^ 202,1 - ai,i02,2)(-B2,iai,2a2,2 - -82,201,102,1) 



A2 



oi ioi 202,102, 2A3 



+ p 



/52/52 (01,202,1 - 01,102,2) (-82,101,202,2 - -62,201,102,1) -Bi, 



oi, 101,202, 102,2 



A3 



A2 



.(5.15) 



\ap sm{(3 - 29) + j^a^p^ sm2 fj sin 29 
1 + op sin(/3 - 6*) sin 6* + |o2p2 sin2 (5 siv? 9 ' 
|o/)(3sin(/3 - 6*) - sin(/3 + 9)) + ^a'^p'^ sin2 /Jsine^ 
1 + 0/9 sin(/3 — 9) sin + |o2p2 gm"^ p sin2 ' 



e ^* = 1 + a/9 sin(/? - 9) sin 6* + |o2p2 sin2 p sin^ e, 
= 1 — opcos/? — io2p2 gin2 /3, 



iop(3 cos(/3 - 6*) + cos(/3 + 6*)) + io2/92 sin2 /3 cos 6* 

^ = - a — 1 222^ • (^-l^) 

1 — ap cos p — o 0^/3^ sm p 



To write the 5D metric explicitly, we further need to convert the solution of {p and (p to 
gauge potentials. In fact, the gauge potentials ^(ij and yl(i) can be decided without knowing 
the explicit form of ip and ip. Note that the components of A4~^Xi = C 

e'^-^*(-vi + X'^)=Co2, 

e-^-Vs*^ + xe'f'-^''{p - x^) = C12, (5.17) 



imply 

= = e<^-^* * (vi - x^)dr = -€02(^2 , 
- dx A - Xfi^^(i) = -^(2) - X-^(2) 
= -e-^-^^ * ^dr - xe"^-^* * {p - x^)dr = -612(^2 ■ (5.18) 

Then we can determine the gauge potential via C directly 
^(1) = C02 cos9id92 , 

^(1) = C12 cos 6*1^02 + X^(i) = (C12 + XC02) cos 6*1^^2 , (5.19) 
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where 9i and 62 are the angular coordinates for the 5^ metric d^\. 

Finally, let us consider how to mod out the trivial 50(1, 1). The S0{1, 1) symmetry 
allows us to set the two constant and thus the U{1) potentials in the following canonical 
form: 

a) C02 = 0; 

b) C12 = 0; 

c) C02 = C12 = 1. (5.20) 

Applying this condition to the solutions obtained previously, we then arrive with a full 
classification of the solutions with the trivial SO{l, 1) being modded out. 

6 Conclusions 

In this paper we obtain the most general spherically symmetric M2-brane and type IIB 
string solutions. We make use of the fact that any such p-brane solution reduced on the 
world volume give rise to an instanton solution supported by a scalar coset in the lower- 
dimensional theory. The Kaluza-Klein reduction of eleven-dimensional supergravity on M^'^ 
or type IIB supergravity on R-*^'^ gives rise to a scalar coset g^'j-'^'^l x go'(i''i) • Using the 
classifications of GL{n,M) instantons for the Ricci-flat examples [7], we obtain the most 
general spherically symmetric instanton solutions. Lifting these solutions back to D = 11 
gives rise to M2-branes. 

We find that there are a total twelve classes of M2-branes, including the previously 
known extremal or nonextremal M2-branes and new smooth M2-brane wormholes that 
connect two asymptotic regions: one is flat and the other can be either fiat or AdS4 x S'^ . 
We discuss their properties in some detail. We also obtained the most general spherically 
symmetric type IIB string solutions by lifting the instanton solutions. Owing to the fact 
that the SL{3,R) and SL{2,M.) factors of the global symmetries are the general coordinate 
transformation invariance in M theory and type IIB supergravity respectively, the two types 
of lifting are very different, since we would like to mod out solutions that are related by 
general coordinate transformation. We also obtain the most general Ricci-flat solutions in 
five dimensions with M"*^'^ x S0{3) isometrics. 

As was discussed in |26j . analytical continuation of p-brane solutions can lead to cos- 
mological solutions [271 [28] where the coordinate r is analytically continued to become 
the time coordinate. These solutions can be interpreted as spacelike branes [29]. Thus 
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a proper analytical continuation of our solution will yield the most general S-branes with 
RP+i X SO{D -p-l) isometrics, 

Our procedure can be generalized to obtain the most general solutions with M^'^ x 
SO{D — p — 1) isometrics in any supergravity in D dimensions. It amounts to a group 
theoretic study of a certain scalar coset G/H and then classifying the inequivalent classes 
of the constant matrix C defined in (j2.14|) . The examples discussed so far all belong to 
GL(n,M) or S'L(n,IR), for which the discussion is relatively easy. The situation becomes 
much more complicated when G belongs to exceptional groups, which can arise in lower- 
dimensional maximal supergravities. It is of great interest to obtain all of the most general 
spherically symmetric p-branes in all supergravities. 
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